In this paper, we investigate the existence of solution of integro-differential equations (IDEs) with Hilfer-Hadamard fractional derivative. The main results are obtained by using Schaefer's fixed point theorem. Some Ulam stability results are presented.
Introduction
It is familiar that the fractional derivatives are helpful tools for the description of memory and hereditary properties of various material sand processes, which integer order derivatives can't characterize. Several problems in various fields can be described by fractional calculus such as material sciences, mechanics, wave propagation, signal processing, and system identification and so on. The fractional differential equations have gained considerable importance during the past three decades. Hence, the theory of fractional differential equations has emerged as an active branch of applied mathematics. It has been used to construct many mathematical models in various fields, such as physics, chemistry, viscoelasticity, electrochemistry, control, porous media, electromagnetic and polymer rheology, etc. The recent works on the theory and application of fractional differential equations, we refer to the books [27, 30, 31, 32] . Hilfer proposed a generalized Riemann-Liouville fractional derivative for short, Hilfer fractional derivative, which includes Riemann-Liouville fractional derivative and Caputo fractional derivative (see [1, 13, 14, 15, 28, 29, 33] ).
In recent years, attention has been paid to establish sufficient conditionsfor the existenceresults to differentialsystems involving Hilferfractional derivatives. Subsequently, many authors studied the fractional differential equations involving Hilfer fractional derivatives. Recently, the study of Hilfer-Hadamard fractional derivativefor (short H-H derivative) of differential equations is also of great importance. There has been a significant development in H-H derivative of differential equations in recent years [11, 23, 2, 3] . For detail study on Hadamard fractional derivative,we refer to [4, 11, 12] .
In addition, V. Gupta and J. Dabas discussed the existence of solution for fractional impulsive IDEs with integral boundary conditions in [16] . The authors also studied the existence results of solutions for impulsive fractional differential equations in [17] . In [10] , the existence of solutions of fractional IDEs by using the resolvent operators and fixed point theorem are proved. Existence results for boundary value problems of arbitrary order IDEs in Banach spaces was studied by K. Karthikeyan and Bashir Ahmad [21] . For some investigations on fractional IDEs, one can refer to [5, 8, 9, 22] .
In the present work, we consider an initial value problem of IDEs with H-H derivative given by
where
Let X be a Banach space, f : J × X × X → X, h : ∆ × X → X are given continuous functions and I 1−γ 1 + is generalized Hadamard fractional integral of order 1 − γ. For brevity of notation, we shall take H I 1−γ 1 + as
For brevity, let us take
It is seen that equation (1) is equivalent to the integral equation
This paper is organized as follows. In Section 2, we introduce some preliminary results needed in the developing of the paper. In Section 3, we present an existence result for initial value problem for fractional IDEs with H-H derivative and stability result is discussed in Section 4.
Preliminaries
In this section, we introduce some basic definitions, propositions and lemmas, which will be used throughout the work.
Let C[J, X] denotes the Banach space of continuous function on [1, T ] with the norm
We denote L 1 {R + }, the space of Lebesgue integrable functions on J. In order to define the solution of (1), we shall consider C γ,log [J, X] is the weighted space of the continuous function
. In order to solve our problem, the following spaces are presented.
For basic facts about fractional derivative and fractional calculus one can refer the books [27, 30, 32] . Definition 1. The Hadamard derivative of fractional order α for a function f :
where α denotes the integer part of real number α and log(·) = log e (·).
Definition 2. The Hadamard fractional integral of order α for a function f is defined as
provided the integral exists. 
The generalized Riemann-Liouville Hadamard fractional derivative is used as an interpolator between the Riemann-Liouville and Caputo Hadamard fractional derivative.
Existence results
This section deals with the existence and uniqueness of solutions for the problem (1) .
Before stating and proving the main results, we introduce the following assumptions.
(A3) The function f : J × X × X → X is continuous and there exists a constant L 1 > 0 such that
(A4) The function h : ∆ × X → X is continuous and there exists a constant H 1 > 0 such that
Theorem 1. Assume that (A1)-(A2) hold. Then, the problem (1) has at least one solution on J.
Proof. The proof will be given in the following sequence.
We shall show that the operator N is continuous and completely continuous.
Step 1. N is continuous. Let x n be a sequence such that x n → x in C. Then for each t ∈ J
Since f is a continuous function, we have
Step 2. N maps bounded sets into bounded sets in C. Indeed, it is enough to show that q > 0, there exists a positive constant l such that
Step 3. N maps bounded sets into equicontinuous set of C. Let t 1 , t 2 ∈ J, t 1 < t 2 , B q be a bounded set of C as in Step 2, and x ∈ B q . Then
As t 1 → t 1 , the right hand side of the above inequality tends to zero. As a consequence of Step 1 to 3, together with Arzela-Ascoli theorem, we can conclude that N : C → C is continuous and completely continuous.
Step 4. A priori bounds.
Now it remains to show that the set
Thus for each t ∈ J, we have
This implies by (A2) that for each t ∈ J, we have
This shows that the set ω is bounded. As a consequence of Schaefer's fixed point theorem, we deduce that N has a fixed point which is a solution of problem (1) .
Finally, we give the following uniqueness result.
Theorem 2. Assume that (A3) and (A4) hold. If
then the problem (1) has a unique solution.
Consider the operator N : C → C defined by It is clear that the fixed points of N are solutions of problem (1) . Let x 1 , x 2 ∈ C and t ∈ J, then we have
Then
From (4), it follows that N has a unique fixed point which is solution of problem (1).
Ulam stability results
The stability of functional equations was originally raised by Ulam in 1940 in a talk given at the University of Wisconsin. The first answer to Ulam's question was given by Hyers in 1941 in the case of Banach spaces. Thereafter, this type of stability is called Ulam-Hyers stability;one can refer to [7, 18, 19, 24] . In 1978, Rassias [26] provided a remarkable generalization of the Ulam-Hyers stability of mappings by considering variables. The concept of stability for a functional equation arises when we replace the functional equation by an inequality which acts as a perturbation of the equation. Ulam stability for fractional differential equations with Caputo and Riemann-Liouville derivative were proposed by some researchers. More details, from a historical point of view, and recent developments of such stabilities are reported in [18, 26, 34, 35] .
In this section, we consider the Ulam stability of IDEs with H-H fractional derivative (1). (1) is Ulam-Hyers stable if there exists a real number C f > 0 such that for each > 0 and for each solution z ∈ C γ 1−γ,log [J, X] of the inequality
Definition 4. [33] The equation
there exists a solution x ∈ C γ 1−γ,log [J, X] of equation (1) with 
there exists a solution
Definition 6.
[33] The equation (1) is Ulam-Hyers-Rassias stable with respect to ϕ ∈ C 1−γ,log [J, X] if there exists a real number C f > 0 such that for each > 0 and for each solution z ∈ C γ 1−γ,log [J, X] of the inequality 
there exists a solution 2. H D α,β 1 + z(t) = f (t, z(t), Hz(t)) + g(t), t ∈ J. Remark 2. It is clear that:
1. Definition 4⇒ Definition 5.
Definition 6⇒ Definition 7.
Lemma 1. If a function z ∈ C γ 1−γ [J, X] is a solution of the inequality (6), then z is a solution of the following integral inequality
Proof. The proof directly follows from Remark 1 and equation (2) .
We have similar remarks for the solutions of the inequalities (8) 
where E α,1 is the Mittag-leffler function defined by
, z ∈ C.
Theorem 3. Assume that (A1),(A3),(A4) and (4) hold. Then the problem (1) is Ulam-Hyers stable.
Proof. Let > 0 and let z ∈ C γ 1−γ,log [J, X] be a function which satisfies the inequality (6) and let x ∈ C γ 1−γ,log [J, X] be the unique solution of the following problem H D α,β 1 + x(t) = f (t, x(t), Hx(t)), t ∈ J := [1, T ],
where 0 < α < 1 and 0 ≤ β ≤ 1.
We obtain the integral equation as follows:
x(t) = x 0 (t) + [I α 1 + f (s, x(s), Hx(s))] (t). with x 0 Γ(γ) (log t) γ−1 . By integration of the inequality (6) and from Lemma 1, we obtain On the other hand, we have By applying Lemma 2 and Remark 3, we get
Thus, the equation (1) is generalized Ulam-Hyers-Rassias stable. The proof is completed.
